We develop a thorough connection between visibility, coherence, and phase statistics for N-dimensional quantum systems and N classical waves.
I. INTRODUCTION
Coherence and visibility of interference fringes are key concepts in physics. Their physical origin is fruitfully ascribed to phase relationships between waves. This applies equally well to quantum physics and classical optics, so that many fruitful parallels can be drawn between these two areas. Unfortunately, such a quantum-classical correspondence has been developed exclusively and extensively for the interference of just two beams.
The main objective of this work is to complete this theory by elaborating a quantum-classical correspondence concerning visibility, coherence, phase, and intensity for an arbitrary number of waves. This correspondence can be of interest in relation with basic open problems in quantum and classical physics, such as the meaning of coherence for classical partially polarized waves ͓1-3͔, the proper meaning of the phase variable in the quantum domain ͓4͔, and the relation between complementarity and uncertainty relations ͓5-11͔. All these issues can benefit from the multidisciplinary framework developed in this work. More specifically, the main original contributions of this paper are as follows.
͑i͒ Visibility and coherence are formulated as HilbertSchmidt distances in terms of the quantum density matrix or the classical cross-spectral density tensor.
͑ii͒ Fringe visibility of diverse classical multibeam interferometers parallels the statistics of quantum-phase operators.
͑iii͒ A suitable degree of coherence for multidimensional systems emerges as the maximum visibility achievable for given input fields. In the quantum domain this becomes a measure of information while in the classical domain it becomes a degree of polarization.
͑iv͒ The degree of coherence for multidimensional systems is a weighted average of two-dimensional degrees of coherence between pairs of components.
͑v͒ Quantum complementarity can be suitably expressed in terms of the Pythagoras theorem.
͑vi͒ Quantum wave-particle duality is explained as an example of natural relations between coherence, visibility, and intensity distribution in classical multibeam interferometers.
II. TWO-DIMENSIONAL CASE
We begin by recalling the definitions of two-beam visibility v, degree of coherence , and degree of polarization P in classical optics for two scalar electromagnetic components E 1,2 . We refer without distinctions to two different physical situations: two-beam interference when E 1,2 are waves with the same state of polarization, and two-dimensional polarization when E 1,2 are orthogonal components of a transversal vectorial wave E = ͑E 1 , E 2 ͒. The standard definitions of v, , and P are
͑2.2͒
where I 1,2 = ͉͗E 1,2 ͉ 2 ͘ are the intensities and the angle brackets denote ensemble averages. Note that P ജ ͉͉ ജ v. This holds even after unitary transformations U are applied to the original beams E U = UE, so that and v depend on U while P is U-invariant and P ജ ͉͑U͉͒ ജ v͑U͒. These transformations are 2 ϫ 2 unitary matrices U † U = UU † = I, where I is the 2 ϫ 2 identity, that preserve the total intensity I 1 ͑U͒ + I 2 ͑U͒ = const, although the individual intensities I j ͑U͒ may depend on U ͑as in the case of a lossless beam splitter, for example ͓12͔͒. Thus P is the maximum visibility and coherence v max = ͉͉ max = P that can be obtained when U is varied. The maximum is reached when the intensity is uniformly distributed between the beams I 1 ͑U͒ = I 2 ͑U͒ ͓2͔. This nominates P as an intrinsic degree of coherence for the pair ͑E 1 , E 2 ͒.
III. VISIBILITY AND COHERENCE FOR MULTIDIMENSIONAL WAVES
From now on we focus on N classical beams with complex amplitudes E m , m =1,2, ... ,N. This approach can be applied to any multibeam situation. For the sake of illustration we refer to an elementary diffraction grating with N narrow enough slits, E m being the field amplitudes at the slits. This analogy extends to other gratings provided that a single complex amplitude E m is enough to describe the wave within each period of the grating.
The standard quantum translation of N classical beams is an N-dimensional Hilbert space. Let us consider a given basis of orthonormal vectors ͉ m ͘, m =1,2, ... ,N, that represent the slits. For example, the particular case of deterministic amplitudes E m is represented by the vector * alluis@fis.ucm.es; URL: http://www.ucm.es/info/gioq
or, equivalently, by the density matrix = ͉͉͗͘. Fluctuating fields are no longer represented by a vector but by a density matrix with tr͑ 2 ͒ Ͻ ͑tr ͒ 2 . The quantum-classical analogy is fully realized by identifying quantum density matrices with cross-spectral density tensors W, i.e., ͗ ᐉ ͉͉ m ͘ = W ᐉ,m = ͗E ᐉ E m * ͘. Throughout we refer both to and W simply as , in the understanding that all results can be applied equally well to the quantum or classical domains. Without loss of generality we consider properly intensity-normalized fields ͚ m=1 N I m = 1, where
The variable m that indexes the beams can be represented by a single operator M defined as a N ϫ N diagonal matrix in the basis ͉ m ͘, so that ͉ m ͘ are its eigenvectors. M represents how the intensity is distributed among the beams, so that the classical field intensities I m become in the quantum domain the probabilities of the outcomes of a measurement of M.
There is no unique definition of visibility for nonharmonic fringes produced by the interference of multiple beams. For example, we have the classic normalized difference between the maxima and minima of the intensity, and more elaborate approaches such as the contrast of speckle patterns in terms of the variance of the intensity distribution ͓13͔. The approach developed here is closer to this last possibility, as shown below in Eq. ͑4.7͒. A suitable multibeam generalization of Eq. ͑2.1͒ is provided by the Hilbert-Schmidt distance between the matrices and M ͓9,10͔
where M is derived from by removing all phase relationships in the
͑3.3͒
This can be physically understood as the result of phase randomization E ᐉ → E ᐉ e i ᐉ , where ᐉ are fully random and uncorrelated phase shifts.
For N = 2 we have that v M fully agrees with v in Eq. ͑2.1͒. In the general case maximum visibility ͉v M ͉ max = 1 is obtained provided that two necessary and sufficient conditions are fulfilled: must be of the form = ͉͉͗͘ so that tr 2 = 1, and the intensity distribution must be uniform I m =1/ N. The minimum ͉v M ͉ min = 0 occurs for = M .
A key point is that v M and M depend both on and on the basis ͉ m ͘, so these quantities are indexed by M, since ͉ m ͘ are the eigenvectors of M. This is the analog of the dependence of and v on U in Sec. II. The statistics of M appears explicitly in Eq. ͑3.2͒ in the form of a suitable measure of fluctuations C M alternative to variance, which may be referred to as certainty ͓7͔,
͑3.4͒
where I is the N ϫ N identity matrix. C M represents the degree of certainty one can have concerning the m variable. The maximum C M = 1 occurs when the distribution is concentrated in a single value, I m = ␦ m,n ͑full certainty about m and the quantum measurement of M always provides the same outcome͒. The minimum C M = 0 occurs when the distribution is uniform I m =1/ N ͑full uncertainty about m, and all the outcomes of the measurement of M are equally probable͒. With this definition Eq. ͑3.2͒ can be expressed as
where
is independent of M. Let us note that Eq. ͑3.5͒ is a version of the Pythagoras theorem as illustrated in Fig. 1 , since − M and M − I / N are orthogonal tr͓͑ − M ͒͑ M − I / N͔͒ =0. Let us dwell briefly on the multiple meanings of P. In quantum mechanics Eq. ͑3.5͒ has been considered as expressing wave-particle duality, by regarding C M 2 as a measure of the amount of information about the path followed by the interfering particle. In this regard P has been proposed as a measure of total information ͓9,11͔.
From the classical-optics perspective, P is exactly the degree of polarization of the N-dimensional wave E = ͑E 1 , ... ,E N ͒ ͓3͔. P has been also proposed as a measure of the degree of coherence conveyed by multidimensional waves ͓2͔.
P can be expressed also as an average of two-beam coherence. This is because in every basis
2 ͒ and P are given by an intensity-weighted average of the two-beam degrees of coherence in Eq. ͑2.1͒ between all pairs of beams. In the limit N → ϱ we have that P becomes the overall degree of coherence in Ref.
͓14͔.
The interpretation of P as an intrinsic degree of coherence agrees well with the two-beam case in Sec. II since ͉v M ͉ max = P, and the maximum visibility occurs when I m is uniformly distributed and C M = 0. The maximum can be reached for every since we can find always operators M with C M =0. For example, this is the case of the operator M diagonal in 
IV. COHERENCE, VISIBILITY, AND PHASE STATISTICS
Next we elaborate on the relation between visibility, coherence, and phase statistics. To this end, let us note the existence of an uncertainty relation extremely similar to Eq. ͑3.5͒ involving the certainties of M and its complementary operator K ͓7,11͔,
where K is the phase operator defined by its eigenstates
where 0 is an arbitrary phase. Thus C K is the phase certainty
where J k is the phase distribution
In most situations the discreteness of the phase variable k can be troublesome, especially due to the arbitrariness of the parameter 0 . More practical relations are obtained if we define the phase distribution as a function of a continuous variable in the form I͑͒ = ͉͉͗͘, where ͓4͔
The associated certainty
can be embodied in an uncertainty relation by integrating Eq. ͑4.1͒ on 0 over a 2 / N interval, leading to
We can propose two meanings for C . On the quantum side this is a measure of the width of the phase distribution I͑͒. This has been used, for example, to demonstrate the enforcement of complementarity by the randomization of relative phase produced even by the most subtle observations of quantum interference ͓8͔. In the classical domain I͑͒ = ͉͉͗͘ is the intensity distribution in the far plane produced by a diffraction grating, being the relative phase between consecutive beams ͓see Fig. 2͑a͔͒ . Therefore C represents a suitable assessment of visibility measured as the distance between I͑͒ and the uniform distribution 1 / ͑2͒ ͓15͔.
From Eqs. ͑3.5͒, ͑4.1͒, and ͑4.5͒ we get the following chains of inequalities P ജ v M ജ C K and P ജ v M ജ C . Let us elucidate their meaning by relating them with a series of increasingly general interferometers. We have already noticed that C is the visibility of far-field fringes produced by a diffraction grating with a definite phase difference between consecutive beams ͓Fig. 2͑a͔͒. More general interferometers are obtained when the phase shifts m experienced by each beam are independent variables m m, as illustrated in Fig. 2͑b͒ . This leads to a multidimensional fringe pattern I͑⌽͒ = ͗⌽͉͉⌽͘, where ͉⌽͘ are the vector phase states ͓16͔
and v M can be expressed as the distance between I͑⌽͒ and the uniform distribution 1 / ͑2͒ N ͓9,15͔,
͑4.7͒
with d⌽ = d 1¯d N . Thus the inequality v M ജ C can be ascribed to the fact that v M is the visibility of interferometers with a larger number of degrees of freedom. Finally, P ജ v M holds since P is the largest fringe visibility reached when considering the most arbitrary linear energyconserving interferometer. This is illustrated in Fig. 2͑c͒ , where a N ϫ N lossless beam splitter ͑BS͒ ͓12͔ combines the input amplitudes so that both the phases and the intensities of the interfering waves are independent variables.
V. CONCLUSIONS
We have developed a complete connection between coherence and visibility for multidimensional systems in the classical and quantum domains, leaving aside naturally fundamental differences between both theories in other aspects. More specifically, the quantum-classical connection refers to the following points. Quantum complementarity and uncertainty relations become equivalent to classic relations between coherence, visibility, and intensity distributions in the classical domain. Quantum phase distribution parallels the fringes of a classical grating in the far field, so that quantumphase uncertainty becomes a measure of fringe visibility. The classical degree of polarization of multidimensional waves becomes an intrinsic degree of coherence as the maximum fringe visibility and a suitable measure of information. This degree is also the weighted average of the two-beam degree of coherence for pairs of components. 
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